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THE TWO-DIMENSIONAL INVERSE PROBLEM OF ELASTICITY THEORY FOR INHOMOGENEOUS
MEDIA IN POLAR COORDINATES™

V.P. PLEVAKO

The following problem is consiered: it is required to find the distribution
law for the elasticity parameters of the material in a body in a given
state of stress. Three modifications of this problem are derived: 1) the
stresses and shear modulus are given, find the law of Poisson's ratio
variation in the body; 2) the stresses and Poisson's ratio are given,

find the nature of the change in the shear modulus of the body material;

3) find the set of functions describing the law of variation in two
parameters of the material elasticity for a known state of body stress.

It is shown that the first kind of inverse problem reduces to solving Poisson's equation.
The other two result in a second-order partial differential equation with variable coefficients.
Its solutions are investigated for states of stress with zero shear stresses. As is known
from classical elasticity theory, states of stress of this kind can occur in bodies in the
form of a long pipe subjected to internal and external pressure, in the pure bending of a
circular bar, in a wedge, in problems of stress concentration around holes, etc.

An extensive class of particular solutions is obtained for the second kind of inverse
problem when no constraints, with the exception of integrability of the given functions, can
be imposed on the stress.

It is shown that in solving the third kind of inverse problems, when both elasticity
parameters are variable, the laws of their variation can be expressed in terms of one arbitrary
function.

Such problems were first investigated in /1, 2/. Solutions obtained up to now refer
mainly to bodies of the simplest shapes and elementary states of stress. Thus, rectangular
elements were considered in /1/ with states of stress of the pure shear, tension-compression,
or bending types. The problem of seeking the law of Young's modulus variation in a wedge with
a radial stress distribution. An approximate solution is obtained in /4/ for the two-dimensional
problem of a long cylinder. Surveys of the researches devoted to the problem under consideration
are given in bibliographies /5, 6/ and monographs /7, 8/.

The whole range of problems associated with seeking the law of elasticity parameter
variation for a material according to given stresses is customarily called the "inverse problenm"
in the theory of the elasticity of inhomogeneous media. Such a definition cannot encompass
all possible formulations of inverse problems, and it must be supplemented. To do this, by
analogy with classical elasticity theory, we separate the whole manifold of problems into
three groups by isolating first, second, and mixed inverse problems of the mechanics of
inhomogeneous media. The final purpose in solving each of them is to seek the elasticity
parameter distribution law in a body and the problems are distinguished just by the initial
data. 1In the first inverse problem, the stresses in the body are considered given, while in
the second it is the displacements, and in the mixed problem the separate stress tensor
components and the displacement vector are prescribed.

The distinctions in the initial data also predetermine the substantial differences in
the procedure for the solutions. The first inverse problem of the theory of elasticity of
inhomogeneous bodies is examined below.

1. To solve the first inverse problem of the theory of elasticity of inhomogenecus media
it is necessary to solve the continuity equation in which the strains are expressed in terms

cf thi <tiess. In a polar coordinate system r = }'z% + y% B = arc tg (y;z) this equation can be
writtern in the form

(27 + ][5 0 ] -
(47— ] 2 )
Gr = L
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Here o, oy, 7,5 are the stress tensor components, v = v (r, ) is Poisson's ratic, @* -
G* (r, ) is the relative shear modulus, and @, is the value of the shear modulus at some point
of the body. Eq.(l.1) has is valid for the case of plane strain. For the plane state of
stress, v must be replaced by v/{1 + v).

Analysis of {1.1) shows that three modifications are possible for the first inverse
problem: 1} o, 0 T and & (r, B) are given, find the law of variation of Poisson's ratio
v (r, B) 1in the domain § occupied by the body; 2) the stresses and the function v (r, B) are
given, find the law of variation of the shear modulus G (r, B); 3) only the stresses are known
and the set of functions & (r,f) and v (r, ) must be found for which a given state of stress
will be realized.

2. The first case is the simplest. To solve this kind of inverse problem, {1.1) should
be written in the form (A is the two-dimensional Laplace operator)
. . 1 2v
A\/xQ(r, B)» N = T* (0',—;*—05) (21)
_re 3 4 1 g 76.,—0c d 41 8 , 1\ Ty
O=lgr + 75 — 7o) ot Hhop (o v )

By having the functions o, o5, 1,4 and G* (r,B) available, { can be determined and the
problem of seeking v (r, §) reduces to solving Poisson Eq.(2.1). Let v (r, f) denote some
particular solution of (2.1}, and ¥ {r, B} an arbitrary harmonic funetion. Then from (2.1) it
follows that

3. We now assume that some particular solution of the inverse problem has been found
successfully. We let G* (r,B) and +%(r, B) denote functions describing the nature of the change
in parameters of the material elasticity in the domain S occuplied by the body. We will show
that by having such a solution available we can transfer to a more general case of inhomogeneity.

Let «~* (r, ) be the law of variation of Poisson's ratio not taken into account by the
function «° (r, f). Here the same stresses as for Poisson's ratio #° (r, ) occur in the body
with relative shear modulus G* (r, f) Then the more general case of the inhomogeneities will
be described by the functions

=GB x=v (P —v P 3.4

The problem therefore is to seek v~ (i, §).

Such a formulation of the problem is similar in form te that considered in Sect.2,
Substituting the function (3.1) and the given stresses o, 06,174 dinto (2.1) and taking into
account that G* and +° are its particular solutions, we obtain A [v* (0, 4+ 63)/G*] = 0. Hence
it follows that

v G (o, + o)t W (. B) 3.2)

4. The solution of problems corresponding to other modifications of the first inverse
problem is fraught with mathematical difficulties., To simplify the problem, we will carry
out further investigations as they apply to the special case of the state of stress when 1,4 = (
in the domain S occupied by the body.

We will first examine the case when only the stresses are known and the set of functions
G* (r, B), v (r,§) must be found for which a given state of stress is realized.

We introduce the function @ = @ (r, §) into consideration such that

S, —3 (3, — S5} A, @
% __ or B S S B
G* = AT YTy 203, F o) Byw (4.4)

(=3 4wl T - )

substituting these relations intc (1.1), we see that for 1= 0 it is satisfied identically
for any selection of the function @, Therefore, relations {4.1) yield a general solution of
the inverse-problem type of the theory of elasticity of inhomogeneous media under consideration.
Only those functions G* and v which satisfy the conditions
0 G<<oo, OVl (4.2)
in the domain occupied by the body, evidently have any physical meaning.
Solving the equilibrium equation for 71,3 =0, we find that stresses that can be represented

in the form

g=00), o=28 1 L ( opyar (4.3)
T:(B)



597

are allowable, where g (r), ¢,, (§) are arbitrary functions.

5. The inverse problem in which the law of variation of the shear modulus G* (r, B) must
be found for known stresses and Poisson's ratio v (r, f) is the most difficult one since a
partial differential equation with variable coefficients (1.1) must be solved, which cannot,
as a rule, be successfully reduced to those studied.
We investigate this equation for T,,=0. Moreover, we first assume that Poisson's ratio
and the stresses are known functions of one coordinate r.
We write (1.1) in the form (the prime denotes differentiation with respect to r):
vy T+ g ' j—1 9%F
F't ——F 4+ - F——; D =0
(f— 5,— S Fe Vg, — 1~v)uﬁ)

T ovs — (w5, " T T G*

Using the method of separation of variables F = R, (r) B, (B), we obtain two ordinary
linear differential equations to seek the functions R, (r) and B, () (m is a numerical
parameter)

dds 4 m*Bp=0 (5.4)
R, + L1t %(f’+m”_,1)ﬂm=0 (5.2)
Integrating (5.1), we have (4,,, 4,n are arbitrary constants)
By =Aimcosmp + AyusinmP, m==0; By= Ay + 408 (5.3)
We now consider (5.2). The general integral of this egquation can be indicated /9/ for

many of the simplest dependences f (r), however, the problem of seeking the solution at least
for the individual values of the parameter m and Poisson's ratio when no other constraints
with the exception of integrability need be imposed on the function f (r) is of greatest interest,
and would enable us to investigate a number of inverse problems for bodies with arbitrary stress
fields of the form (4.3). Even the case when the stresses oy = ¢ (r) change by jumps form cne
finite value to another for certain r could be examined.

Such particular values for the parameter m would be m = (0 and m =1, where no constraints,
with the exception of (4.2), are imposed on v (r)

Indeed, in this case the equation for R, can be written in the form

£+ 2+ S5m0

r r

i.e., it decomposes into two first-order equations which, when solved, yeild (C,s and C,, are
arbitrary constants)

R,=rTes (Clm + Com S ro@mteq dr) , = g f —er (5.5)

We will present still another mode of writing the solution of (5.4) in the case when the
stresses and Poisson's ratio in the body are such that

f—»m*Q)(T) —0
e (m=0, 1) (5.6)
tierve (), () are polynomials, the degree of the polynomial (), (r) is greater than the degree
€ ¢, {5, and the right side of (5.6) is an irreducible fraction which, it is known, can be
Cg,mcrted into a sum of elementary fractions

f—m a; . ay

r . r—r ©

+..

0=0, i=1, 2,...)

r—r2

The solution of (5.4) can be represented in a form equivalent to the solution (5.5)

Rps=(r—r)a(r—r) ™. . (r—r) " [Clm + Com S D (e (=) dr-} (5.7

Thus, the general integral of (5.2) has the form (5.5) for m = 0,1 and arbitrary os (r),
o, (r),v (r}, and in the special case when the function (f — m)/r is of the type (5.6) can be
represented in the foxrm (5.7).

The law of shear modulus variation in a body has the form

1

1 1 ;

o = vs, — (I—=")a, Zﬁm(r)Bm(ﬁ) (5.8)
m=o0

Having this solution available, a more general case of inhomogeneity can be found by
using relationships (3.1) and (3.2).
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If the body material is incompressible (v = 1/,), and operates under plane strain conditions,
then f=2 for any g, and Og given in the form (4.3). Equation (5.2) is converted to the
form N

R’+ 3R 4 ™p g
m i r m ,-2 m

Its scolution is

Ry = 11 (Cim €08 np + Cyp sinnp), n =Y m? — 1 (5.9)
p=1Inr, ms£0,1
Ry ="Cro+ Copm™% Ry =r1(Cy; - CyyInr)

Therefore, the law of shear modulus variation in the case of the plane strain of an
inhomogeneous body of incompressible material can formally be represented in the form of the

series
1 TR S o
T = 5 — 5 Z Rm(r) Bm (ﬂ) (d'“))
TR mTo
By using the relationships (3.1) and (3.2) it is possible to pass from this solution to
the more general case of an 'nhomogeneity when the shear modulus in the body is described by
the dependence (5.10) and Pousson's ratio

1 G* "

i wrlk S LA 8) (5.11

2R R (.40
Formula (5.11) is obtained for the case of plane strain. For the generalized plane state

of stress the v must be replaced by v/(1 + v). Finally, the law of variation of Poisson's ratio

in a body takes the form

V=

5 — 2G*¥ (r, B)
3 + SF L 2G%¥¥ (r. B)

r

v=

6. If the relationships between the displacements, strains, and stresses known in the
theory of elasticity are used, then the ccmponents cof the displacement vector u, and ug can

be determined.
Thus, if new constants and notation are introduced

(z)»\e+‘fir7. Cypr= Az cosf - Aysin B
r

Vii= Ajysinp — A;cosP
then from relations (5.3), (5.5 and (5.8), the law of shear modulus variation for v == !, and
m = can be written in the form

1 N L PP
TTZ—(TT):T—T:; [A1e =+ Azof - (Aso L AaoP) 71" ()] (0.1)
We hence find
2Ggur = (dyy — Aogf) re~s — (Ago + 4yob)r le~3, (1) — 11 + (6.2
asin § — b cos B
"Gouﬁ—— Lagrya™ () — Asor \0 Uyy” (r)—i—r- —In rJ -+
—1 B — A ﬁj;\/ —cr=-acosP—>bsinf
For m =1 we have
- . o
T}T = \-:,—r:l —) 3, @) =25 () Vs B)] (6.3)
2Gou, = [y5(r) — r?e ] Ur2 (B) + (6.4)

[§ e (hrdr —riess () Inr == | Use B+ - Vas(h)
2Gaup = — 51 (N Via(F) — |$ e 675" (yrdr + 1nr] Vo (B) 4 /2BUse (B)

Analogous relationships can be obtained for v = !, and any m.

7. We examine the first inverse problem for a long inhomogeneous cylinder under plane
strain conditions subjected tc an internal pressure p, and an external pressure p; (a and b
are the cylinder inner and outer radii). We limit ourselves to the case when the function
G* (r, p) must be sought for a known Poisson's ratio.

If the cylinder material is homogeneocus, then,
characterized by the absence of shear stresses. We assume that T,

inhomogensous material whiie the remziring stress tensor components (g,, op) depend Galy

4 - .
as Lame showed, the state of stress 1is
= ( alsoc in the case of a-
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Moreover, we a-sume that v =/,

As has been shown above, (5.2) for an arbitrary function v (r) is integrated successfully
=" for two values of the parameter m, where the shear modulus can be represented in the form
5., wr, equivalently, in the form of a sum of the functions (6.1) and (6.3).

arbitrary constants occur in the solution of the inverse problem, and to avoid uncertainty,
it must be supplemented by appropriate boundary conditions.

It follows from the formulas for the displacements (6.2) and (6.4) that the displacements
will be determined uniguely in the case under consideration if we set

Aypo=Ag=Ap=A43=4,4=0 (7.1)
The remaining arbitrary constants can be determined by requiring that the function G* (r, B)
takes given values on one of the domain boundaries, for r=a, say.
It follows from relationships (6.1) and (6.3) that the inverse problem can be solved only
for the following boundary conditions (c,, @;, @ are constants):
r=a, 1/6* =ay+ a cos P + a,sinp
An an illustration, consider the inverse problem for an inhomogeneous cylinder with wv=
const and the boundary condition

r=a, G*=1 (1.2)
The condition is independent of § and consequently (6.1) and (6.2), which correspond to
the case m=0, can be bypassed.
In engineering analyses of pipes under internal and external pressure, it is often
assumed that oz=1¢ to simplify the computations. We will investigate the possible nature of
cylinder inhomogeneities under this assumption.

6*

6

1.5

4
A
/
2

1.0 1.0 ]
} 2
J
§
0.5¢ “o 0.5 E 1
Fig.l Fig.2 Fig.3
It follows from (4.3) and the boundary conditions that
[T P — — pib
5r=TU-rfh Co=_blT"ap“ab, )=p_,,:% (7.3)
For «~=#0, t/2 we have

f Cy _ o v ~1 cn -
T T Ner — (1 = 2v) opr? =“1Lr1"—<r—l—2v’1> J (OL:T) 7.4

Taking account of (6.1), (7.1) and (7.2), we have from (5.7) and (5.8)

1 Vo Lv-1 ‘ v 110
—_— =4 e — = e —
G* mLi (1—2v)r} (.410—1.1 (1—2v)a} )

Values of G* are presented below which show the nature of the change in the relative
shear modulus over the pipe thickness for different +=0.4,03,04 for p,=0 and b:a=3:2 (=
(r—a)b—a), G+ =1 for E=0)

v £=0,2 0,4 0,6 0,8 1

0,1 1,096 1,183 1,263 1,337 1,404
0,3 1,097 1,189 1,275 1,356 1,433
0,4 1,098 1,193 1,285 1,373 1,458

It is seen that the change in v has a neglibile effect on the function g* (r).

8. 1If the inverse problem is sovled for a simply-connected domain, then the requirement
(7.1) cannot be imposed. A number of important effects of the influence of the nature of the
inhomogeneities on the state of stress of the body can here be clarified successfully.
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We will solve the inverse problem for an inhomogeneous curved bar occupying the domain
S:la<<r<b, 0<P<a*]. Compressive forces p;and p; act on the inner and outer faces of the
bar while normal forces with resultant O (Fig.l) act on the endfaces f =0 and B = aq* We
will confine ourselves to the case when the function G* (r, ) must be sought for a known
Poisson's ratio.

It follows from the dependences (6.1) and (6.3) that for vs£ 1, the inverse boundary
value problem can be solved for the following boundary conditions on the faces:

r=a. UG* = ay - o, cos P + a,sin B+ o, B 8.1
r=1b, UG* =y, 4+ y,c08P -+ y,sin P - P
If Poisson's ratio is v == 1) or varies in conformity with the dependence (5.11) within

the limits of the body, then the problem under consideration is solved successfully for the
most general case of the boundary conditions

r=a, G*=G*P) r=15b G*=6*E (8.2)

L&

Indeed, in this case the shear modulus can be written in the mode (5.10).
Expressing B, (f) in terms of trigonometric functions for A, = 1, d,, = 0,we will substitute

the dependence (5.10) into the boundary conditions (8.2). We consequently find
16| ¢ | R
[ o =Zcosmﬁi m @) ][( =t .. ) (8.3)
16+ &= | A )] 5 =% o

Now expanding the left side in a Fourier series

15 ]

i k= G

and collecting like terms for all cosmfi. we equate them to zero. For each k we consequently
obtain simple algebraic eguations tc determine all the arbitrary constants that enter into
the function H,, (r).

As an illustration, we consider the first inverse problem for a curved bar with =+ = const
and the following boundary conditions:

r=a, G* =1, r=1b. G* = G* (G * = const) (8.4)

The conditions are independent of B and, consequently, the law of shear modulus variation
can be represented in the form (6.1) for Ad,, = 44 = 0.

We will investigate the case when the state of stress of an inhomogeneous bar agrees
with the state of stress of a homogeneous bar, i.e., has the form
A A abt (g — pa) B a’p, — bipy

5 == L S e A Py 5.5
rTo? B, 5 re T ! 2 — g ot — a? 8.5)

Then
1 3

r—ry T T

j 2
CERy o ey T =T e
A s

v={ =7 ]

Therefore, the function jir is of the type (5.6}, which enables (5.7) to be used. Having
determined the arbitrary constants from (€.4), we finally find

B t—G* T(r.ay7 vy 4——(!—2\)Br~ 5 6
2r ] e—— L — ] ‘ o6
or= “Ll ’ G Tih, ) \T( a) = In 73— (1 — 2+ Bat / =

We show by the sclid lines in Fig.Z the nature of the change in the sheax modulus 6* for
ve=1/3, bia=3:2 and different G* = 05,1, 15,2 (curves 1—4 respectively). The bar is subjected
to the pressure p, while pu-— U,

It follows from (8.6 that the solution of the problem under consideration with the
boundary conditions (8.4} always exists, with the exception of the case when the function
A — (1 —2v) Br? changes sign by passing through zero in the domain §. However, a trivial
solution G* = const of (1.1} is always possible here.

We investigate the nature of the change in the shear modulus in a body wher. the guantity

A — (1 —2v) Br* vanishes on the boundary cf the domain §: la<lr<b, O<P<Car] for r=1(@=1-—¢
where ¢ is a small quantity:. This is possible if v =12 and
Py ;’ ) L] [ [E
— = e (] — 24— 1= (1 —2v)—5 i
R \,D.J.L = ( \)a-J
In the case under consideration 7T (r, @)= ln[(I# — r*)/U* — ¥l
We show in Fic.? the nature of the change in the shear modulus in a body for = 15 E =

S
s - ez ’ i T s Emae ~ z . a. " A s~ wrglues
T (RN O - YesTz T vothe oRec & 1= ars Twvo Vwasues
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relative shear modulus at the pipe outer surface: 6;* =05 (curves located below the line
¢*=1) and G* =2 (remaining curves). It is seen that the shear modulus starts to vary only
as % approaches one, assuming the given value G* for E=1
It should be emphasized that all these inhomogeneity effects have no influence on the
state of stress in the bar; it agrees with the state of stress in a homogeneous bar.
There are no such effects for +v=1/2 since the law of shear modulus variation takes the

form
S EY RN
= - Gi* 2 a? |
We investigate the case now when op= ¢ = const. Then the functions ¢, and f/r have the
form (7.3) and {(7.4). We solve the problem under the boundary conditions (8.4).
From (6.1) we have

1 va 1v-1 . v VY g J
F:(i—m) ['{1"_‘-'4803(7.__1-——2\’) r dr
. ¢
(a=)

The integral is solved by the method of rationalization for any ~= m'r, where m and n

are natural numbers. Thus, for ~=1/3 we obtain
1 (r— a)? } 2o a?
TR [“'OT"W(‘““—“'—?:?“ To—ar)

The arbitrary constants are determined from the boundary conditions (8.4).

The dashed curves in Fig.2 illustrate the nature of the change in the relative shear
mcdulus over the bar thickness. The bar dimensions, Poisson's ratio of the material, and the
boundary conditions are the same as in the first illustration.

If curves 1 or 2 are compared, we see that the functional dependences G* (r, §) to which
they correspond are gquite close. But, meanwhile, the states of stress of the bodies differ

radically. The deduction can hence be made that in certain cases an insignificant change in
the body inhomogeneity can result in a large change in the stress field.
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